Abstract. The purpose of this paper is to obtain the extensions of Borsuk's antipodal and fixed-point theorems for set-valued maps.
subset which is symmetric with respect to the origin, and F : X -> Y. We say that F is antipodal on S if F(x) n (-F(-x)) ^ 0 for all xe5. This is a generalization of the original single-valued functions to set-valued maps.
The following lemma is a generalization of a theorem of Cellina (see [ and Fv has open lower sections.
Furthermore, if S c X is symmetric with the origin and F is antipodal on S, then Fv is antipodal on S + V .
Proof. We choose Vx £ 33x such that Vx + Vx + Vx c Wx. For any x £ X there exists Vx £ &x such that \Jzex+VxF(z) c F(x) + W2. We choose Ux £ 33x such that Ux + Ux + Ux cVx.
Since X is compact, there exists a finite cover xx + (Ux¡ n Vx), ... , x" + (UXn nVx) of X. Let V = (fl"=1 UXl) n Vx. Fix x £ X+V. Then x e x¡ + {UXí n Vi) + V for some /. Hence x + V c x¡ + (Ux¡ n Vx) + V + V c x¡ + (Vx¡nWx). Thus \Jzelx+V)rxXF(z) c\Jze{x¡+Vx¡)F(z) c F(Xi) + W2. Since F has convex values and W2 is convex, co\Jz€^x+V)nXF(z) c F(x¡) + W2, and x £ U\{0} ; i.e., g is symmetric.
Let rx = inf{||x|||x e dU} and r2 = sup{||x|| \x £ dU}. For every x £ U\{0} let x¡ = rxx/\\x\\ ,xT = rxx, where rx = inf{r|rx/||x|| £ dU}. Then r\ < \\g(x)\\ = d(x,dU) + \\x\\ < rx, and hence g(x) = \\g(x)\\x/\\x\\ £ x¡xt , where x¡Xj denotes the line segment from x¡ to xj. Since gi( Fix y e U\{0} . Then \\g(y)\\ > rx, and
and \\g(y)\\ > rx, d(gk~x(y), dU)+-■ -+d(g(y), dU) < r2-rx, and hence there is some / where
and hence d(gk(y) ,dU) = d(gk-i(gl(y)) ,dU)<e.
This completes the proof. Define J: U -* En+1 by J(x) = x + d(x, dU)e"+2. Then / is one-toone continuous, and J(x) = x on dU. Let V = {x + ue"+2\x £ U, \u\ < d(x, dU)} . Then V is open, bounded, symmetric, and balanced in E"+2 and dV = j(U)u{-J(U)}.
Define H:dV ^ E"+x by
Then H is a continuous antipodal single-valued function with zero free. This is a contradiction to Theorem 4. Thus F has a zero value. By the above conclusion, F -I has a zero value; i.e., there exists x £ U such that 0 £ F(x) -{x} . Hence x £ F(x) for some x £ U. This proves the theorem.
The following theorem is a generalization of a result of Borsuk [3, §4, 
